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Abstract. We introduce and study the Dunkl symmetric systems. We prove the well- 
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L.) ■ 1 Introduction 

I We consider the differential-difference operators Tj, j = 1,. . . ,d, on M introduced by C.F. Dunkl 

in [7] and called Dunkl operators in the literature. These operators are very important in pure 
mathematics and in physics. They provide a useful tool in the study of special functions with 
root systems [S]. 

I In this paper, we are interested in studying two types of Dunkl hyperbolic equations. The 

■ first one is the Dunkl-linear symmetric system 



d 



dtu - AjTjU - Aou = f, 

j=i ^ ■ ) 



K U\t=Q 



where the Ap are square matrices m x m which satisfy some hypotheses (see Section [3]) , the 
^ ' initial data belong to Dunkl-Sobolev spaces [if|(M'^)]'" (see [22]) and / is a continuous func- 

^ . tion on an interval / with value in [H^{M.'^)]"^ . In the classical case the Cauchy problem for 

symmetric hyperbolic systems of first order has been introduced and studied by Friedrichs |13j . 
The Cauchy problem will be solved with the aid of energy integral inequalities, developed for 
this purpose by Friedrichs. Such energy inequalities have been employed by H. Weber |33j . 
Hadamard [T7], Zaremba |34j to derive various uniqueness theorems, and by Courant-Friedrichs- 
Lewy [6], Friedrichs [13], Schauder [27] to derive existence theorems. In all these treatments the 
energy inequality is used to show that the solution, at some later time, depends boundedly on 
the initial values in an appropriate norm. However, to derive an existence theorem one needs, 
in addition to the a priori energy estimates, some auxiliary constructions. Thus, motivated by 
these methods we will prove by energy methods and Friedrichs approach local well-posedness 
and principle of finite speed of propagation for the system (II. ip . 

Let us first summarize our well-posedness results and finite speed of propagation (Theo- 
rems [O and [32D • 



*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection 
is available at |http:/ /www.emis.de/journals/SIGMA/DunkLoperators.html| 
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Well-posedness for DLS. For all given / G [C(/, i7|(M'^))]™ and v G [ff|(M'^)]™, there 
exists a unique solution u of the system in the space 

[c{i,Hi{R'^))rf][cHi,H^~H^'))r. 

In the classical case, a similar result can be found in [5] , where the authors used another method 
based on the symbolic calculations for the pseudo-differential operators that we cannot adapt for 
the system (jl.ip at the moment. Our method uses some ideas inspired by the works [51 HH 
[ISllIllliailllliailSlISOlllIllM]- We note that K. Friedrichs has solved the Cauchy problem in 
a lens-shaped domain [13]. He proved existence of extended solutions by Hilbert space method 
and showed the differentiability of these solutions using complicated calculations. A similar 
problem is that of a symmetric hyperbolic system studied by P. Lax, who gives a method 
offering both the existence and the differentiability of solutions at once [19]. He reduced the 
problem to the case where all functions are periodic in every independent variable. 

Finite speed of propagation. Let (jl.ip be as above. We assume that / € [C(/, L|(M'^))]™' 
and V e [L2(M'^)]"\ 

• There exists a positive constant Co such that, for any positive real R satisfying 

r f{t,x) = for ||x|| <R-Cot, 
y v{x) = for ||x|| < R, 

the unique solution u of the system (II. ID satisfies 

u{t,x)=0 for \\x\\<R — Cot. 

• If given / and v are such that 

r f{t,x) = for ||x|| > R + Cot, 
y v{x) = for ||x|| > R, 

then the unique solution u of the system (jl.ip satisfies 

u{t,x)=0 for ||x|| > i? + Cot. 

In the classical case, similar results can be found in [5] (see also [28]). 

A standard example of the Dunkl linear symmetric system is the Dunkl-wave equations with 
variable coefficients defined by 

dtu- divk[A-Vk,xu] + Q{t,x,dtu,T^u), t £ R, x£R'^, 

where 

d 

^k,xU= {Tiu,...,Tdu), diYkivi,...,Vd) = ^TiVi, 

1=1 

j4 is a real symmetric matrix which satisfies some hypotheses (see Subsection [32]) and Q{t, x, dtu, 
Txu) is differential-difference operator of degree 1 such that these coefficients are C°°, and all 
derivatives are bounded. 

From the previous results we deduce the well-posedness of the generalized Dunkl-wave equa- 
tions (Theorem 3.3). 

Well-posedness for GDW. For ah s G N, no G i?^+^(M'^), m G i^|(M'^) and / in 
C(M, Hl{R'^)), there exists a unique u G C^(]R, Hl{R'^)) n C(M, Hl+^{R'^)) such that 

dju - d\\k[A- ■ yk,xu] + Q{t, X, dtu, T^u) = f, 
< u\t=o = uo, 
^ dtu\t=o = ui. 
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The second type of Dunkl hyperbolic equations that we are interested is the semi-linear 
Dunkl-wave equation 

f dju - Aku = Q{AkU, Afcu), ^ 2) 

\ {u,dtu)\t=o = (no,ni), 

where 

d 

Ak = ^Tj, AkU= {dtu,Tiu,...,Tdu), 
i=i 

and Q is a quadratic form on M''^^. 

Our main result for this type of Dunkl hyperbolic equations is the following. 

Well-posedness for SLDW. Let {uo,ui) be in H^{M.'^) x H'^~^ {M.'^) for s > 7 + f + 1. Then 
there exists a positive time T such that the problem ()1.2p has a unique solution u belonging to 

C{[0,T],Hm'')) (^CH[0,T],H',-\R'')) 

and satisfying the blow up criteria (Theorem 14. ip . 

In the classical case see [2 [3l HI [29] . We note that the Huygens' problem for the homogeneous 
Dunkl-wave equation is studied by S. Ben Sai'd and B. 0rsted [1]. 

The paper is organized as follows. In Section [2] we recall the main results about the harmonic 
analysis associated with the Dunkl operators. We study in Section [3] the generalized Cauchy 
problem of the Dunkl linear symmetric systems, and we prove the principle of finite speed of 
propagation of these systems. In the last section we study a semi-linear Dunkl-wave equation 
and we prove the well-posedness of this equation. 

Throughout this paper by C we always represent a positive constant not necessarily the same 
in each occurrence. 



2 Preliminaries 

This section gives an introduction to the theory of Dunkl operators, Dunkl transform, Dunkl 
convolution and to the Dunkl-Sobolev spaces. Main references are [3 [51 [U [lOl [22l [231 [13 [Ml 
[301 [311 [32]. 

2.1 Reflection groups, root systems and multiplicity functions 

The basic ingredient in the theory of Dunkl operators are root systems and finite reflection 
groups, acting on M"' with the standard Euclidean scalar product (•,•) and ||x|| = y/ {x, x). 

d 

On C^, II • II denotes also the standard Hermitian norm, while {z,w) = Yl ^j^j- 

i=i 

For Q G M"'\{0}, let Ua be the reflection in the hyperplane Ha C M'^ orthogonal to a, i.e. 

{a,x) 

<^a(x) = X — 2- — rpra. 

A finite set R C M'^\{0} is called a root system if n M • a = {a, —a} and aaR = R for all 
a & R. For a given root system R the reflections Ua, a £ R, generate a finite group W C 0{d), 
called the reflection group associated with R. All reflections in W correspond to suitable pairs 
of roots. We fix a positive root system i?+ = {a G R/{a,(3) > O} for some /3 G Ha- 

We will assume that {a, a) = 2 for all a G 
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A function k : R — > C is called a multiplicity function if it is invariant under the action of 
the associated reflection group W. For abbreviation, we introduce the index 

7 = lik) = k{a). 

Throughout this paper, we will assume that the multiplicity is non-negative, that is k{a) > 
for all a £ R. We write k > for short. Moreover, let Uk denote the weight function 

which is invariant and homogeneous of degree 27. We introduce the Mehta-type constant 
Cfc = ( / exp{—\\x\\'^)u>k{x)dx 




2.2 The Dunkl operators and the Dunkl kernel 

We denote by 

- C(M'^) the space of continuous functions on M.'^; 

- CP(]R^) the space of functions of class C'p on M'^; 

- C^(M'^) the space of bounded functions of class C^; 

- £{W^) the space of C~-functions on M''; 

- 5(M'^) the Schwartz space of rapidly decreasing functions on M'^; 

- Z)(]R'^) the space of C°°-functions on which are of compact support; 

- 5'(M'^) the space of temperate distributions on R'^. It is the topological dual of 5(M'^). 

In this subsection we collect some notations and results on the Dunkl operators (see [TJ [8] 
and [S]). The Dunkl operators Tj, j = l,...,d, on M"^ associated with the finite reflection 
group W and multiplicity function k are given by 

Some properties of the Tj, j = 1, . . . ,d, are given in the following: 

For all / and g in C^{W^) with at least one of them is VF-invariant, we have 



Tj{fg) = {T,f)g + f{Tjg), j = l,...,d. (2.1) 
For / in C^^M^) and g in S{R'^) we have 

Tjf{x)g{x)uJk{x) dx = - f{x)Tjg{x)uJk{x) dx, j = 1, . . . , d. (2.2) 



(V/(x),a) f{x)-fMx)) 



We define the Dunkl-Laplace operator on M by 

d 

Akf{x) = Y,Tff{x) = Af{x) + 2 H») 

j=l a€R+ 



{a,x) (a, x)^ 
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For y G M , the system 

Tju{x,y) = yju{x,y), j = l,...,d, 
n(0,y) = 1, 

admits a unique analytic solution on M'^, which will be denoted by K{x, y) and called Dunkl 
kernel. This kernel has a unique holomorphic extension to x C^. 
The Dunkl kernel possesses the following properties: 

i) For z, t e C^, we have K{z, t) = K{t, z); K{z, 0) = 1 and K{Xz, t) = K{z, Xt) for all A G C. 

ii) For all 1/ G N'^, X G M'^ and z G we have 

|L>^K(x,z)| < ||2;||l^lexp(||x|| ||Rez||), 

with 

In particular for all x,y G W^: 
\K{-ix,y)\ < 1. 

iii) The function K{x, z) admits for all x G M'^ and z G the following Laplace type integral 
representation 

K{x,z) = [ e^y'^Ufi^iy), (2.3) 



where fix is a probability measure on M'^ with support in the closed ball B{0, \ \x\\) of center 
and radius ||3;|| (see |25j). 

The Dunkl intertwining operator Vk is the operator from C(M'^) into itself given by 



Vkfix) = / f{y)dfixiy), for all x G 



where fix is the measure given by the relation (|2.3p (see [25]). In particular, we have 

E:(x,z) = y(e<-'^>)(x), for all x G M"' and z£&. 

In [8] C.F. Dunkl proved that is a linear isomorphism from the space of homogeneous poly- 
nomial Vn on M'^ of degree n into itself satisfying the relations 

d 

TjVk = Vkj—, j = l,...,d, 

dxj (2.4) 

^^•(1) = 1. 

K. Trimeche has proved in [31] that the operator Vk can be extended to a topological isomor- 
phism from £{M.'^) into itself satisfying the relations (j2.4p . 

2.3 The Dunkl transform 

We denote by L^(M'^) the space of measurable functions on M'' such that 

LliRd^ ■= (^j^^ \ f{x)\^^^k{x) dx^ < +QO if 1 < p < +00, 

:= ess sup |/(x)| < -|-oo. 
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The Dunkl transform of a function / in L^(IR'^) is given by 
^D{f){y)= [ f{x)K{-iy,x)uJk{x)dx, for all ye M'^. 

In the following we give some properties of this transform (see [9l llOj)- 

i) For / in Ll,{W^) we have 

\\^D{f)\\L^{Rd) < ||/||Li(Rd). 

ii) For / in we have 

[Tjf) (y) = iyj^D if) {y) , for ah j = 1, . . . , d and y G M'^. 

2.4 The Dunkl convolution 

Definition 2.1. Let y be in W^. The Dunkl translation operator / ^ Tyf is defined on S 

by 

J^D{Tyf){x) = K{ix,y)J^D{f){x), for all xgW^. 
Proposition 2.1. i) The operator Ty, y G M'^, can also be defined on £[W^) by 

Tyfix) = {VkUVk)ymr\f){x + y)], for ah x e R"" 
(see [32];. 

ii) If f{x) = F{\\x\\) in SiW^), then we have 

Tyf{x) = Vk [F(V||x||2 + ||y||2+2(x,-))] (x), for ah x G M"^ 
(see [26];. 

Using the Dunkl translation operator, we define the Dunkl convolution product of functions 
as follows (see [501152]). 



Definition 2.2. The Dunkl convolution product of / and g in iS(M ) is the function f *d 9 
defined by 

/ *D g{x) = / T^f{-y)g{y)uJk{y)dy, for all x G W^. 

Definition 2.3. The Dunkl transform of a distribution r in 5'(M'^) is defined by 

{J^D{r),cl)) = {t,:Fd{(P)), for ah <P G S{R'^). 
Theorem 2.1. The Dunkl transform J^d is a topological isomorphism from S'{W^) onto itself. 

2.5 The Dunkl— Sobolev spaces 

In this subsection we recall some definitions and results on Dunkl-Sobolev spaces (see \22\ 123] ). 
Let T be in S'(R.'^). We define the distributions Tjt, j = 1, . . . , d, by 

{TjT, Tp) = - (r, Tj^P) , for all ^ G S{R'^) . 

These distributions satisfy the following property 

TniTjT) = iyj^Dir), j = l,...,d. 
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Definition 2.4. Let s G M, we define the space H^{R'^) as the set of distributions u G S'{R'^) 
satisfying (1 + ||C|P)f^BH G L^^^d), 

We provide this space with the scalar product 
and the norm 

Proposition 2.2. i) For s G M and /x G N'^, i/ie Dunkl operator T'^ is continuous from H^{U.'^) 
into F^"'^'(]R'^). 

ii) Let p G N. element u is in H^{W^) if and only if for all /i G N'^, with |^| < p, T^u 
belongs to H^~^{W^), and we have 

ll^llif^(Md) ~ ^ ||r^n||^s-p(]jjd). 
Theorem 2.2. i) Let u and v £ i^|(M'^) f] L^(M'^), s > 0, then uv G i^fclM'^) and 

ll^^ll//^{Rd) ^ C'(/c, s) [||u||i^(Kd)||t'||jy^(Kd) + ||f ||L^(iRd)||tt||//s(Rd)] . 

ii) For s > ^ +j, i/|(M'^) is an algebra with respect to pointwise multiplications. 

3 Dunkl linear symmetric systems 

For any interval J of M we define the mixed space-time spaces C(/,iJ|(]R'^)), for s G M, as the 
spaces of functions from I into H^{W^) such that the map 

t ^ lh(^r)||//^(Rd) 

is continuous. In this section, / designates the interval [0, T[, T > and 

u = {ui,...,um), Up£C{L,H'^{R'')), 

a vector with m components elements of C{I, H^{W^)). Let (Ap)o<p<d be a family of functions 
from / X into the space of m x m matrices with real coefficients ap^ij{t,x) which are W- 
invariant with respect to x and whose all derivatives in x G M*^ are bounded and continuous 
functions of {t, x). 

For a given / G [C(/, iJ|(M'^))]'" and v G [i?|(M'^)]™, we find u G [C(/, if^(R'^))]'" satisfying 
the system (jl.ip . 

We shall first define the notion of symmetric systems. 

Definition 3.1. The system (II. ip is symmetric, if and only if, for any p £ {1, . . . ,d} and any 

{t,x) £ I xM.'^ the matrices Ap{t,x) are symmetric, i.e. ap^ij{t,x) = apj^i{t,x). 

In this section, we shall assume s G N and denote by | l^^fc the norm defined by 

Mmlk= E WT^^Mmliiu^y 

l<p<m 
1<\m.\<s 
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3.1 Solvability for Dunkl linear symmetric systems 

The aim of this subsection is to prove the following theorem. 



Theorem 3.1. Let (jl.ip be a symmetric system. Assume that f in [C{I , Hf.(M. ))]"^ and v in 
[HI.{R'^)]"\ then there exists a unique solution u of 1^ in [C(/, Hl{W^))fX\[C\l , i7^"^(M'^))]"\ 

The proof of this theorem will be made in several steps: 

A. We prove a priori estimates for the regular solutions of the system (jl.ip . 

B. We apply the Priedrichs method. 

C. We pass to the limit for regular solutions and we obtain the existence in all cases by the 
regularization of the Cauchy data. 

D. We prove the uniqueness using the existence result on the adjoint system. 

A. Energy estimates. The symmetric hypothesis is crucial for the energy estimates which 
are only valid for regular solutions. More precisely we have: 

Lemma 3.1. (Energy Estimate in [HgiW^)]^). For any positive integer s, there exists a positive 
constant Xs such that, for any function u in [C^{I ,H-l{W^))f' {\C{I ,Hl'^^{W^))Y^ , we have 

||n(t)||.,fc<e^^*||n(0)||,,fc+ re^^(*-*')||/(Ol|s,fcfit', for all t G /, (3.1) 

Jo 

with 

d 

f = dtu-'^ ApTpU - Aqu. 
p=i 

To prove Lemma l3.H we need the following lemma. 

Lemma 3.2. Let g be a C^-function on [0, r[, a and h two positive continuous functions. We 
assume 

j^g\t)<2a{t)g\t) + 2b{tMt)\. (3.2) 
Then, for t £ [0,T[, we have 

\g{t)\ < |t/(0)|exp J a{s)ds + J b{s)ex.p^J^ a{T)dT^ ds. 

Proof. To prove this lemma, let us set for e > 0, ge{t) = {g^{t) + e)^; the function g^ is C^, 
and we have \g{t)\ < ge{t). Thanks to the inequality (j3.2p . we have 

^^{g'){t)<2a{t)g^^{t) + 2b{t)g,{t). 
As iig'm = iigDit). Then 

^^{glm = 2ge{t)^{t) < 2a{t)gl{t) + 2h{t)g,{t). 
Since for all t G [0,T[ ge{t) > 0, we deduce then 

^{t)<a{t)ge{t) + bit). 



Dunkl Hyperbolic Equations 



9 



Thus 



di 



gs{t)ex.p^—J a{s)ds^ <b{t)exTp^—J a{s)ds^ 



So, for t G [0,T[, 

g^{t) < g^{0) exp J a{s)ds + J 6(s) exp a{T)dT^ ds. 

Thus, we obtain the conclusion of the lemma by tending e to zero. ■ 

Proof of Lemma 13.11 We prove this estimate by induction on s. We firstly assume that u 
belongs to [C^ {I , LKR'^))]''^ f][C {I , HK'R'^))]"' . We then have / G [C7(/, L2(M'^))]'», and the 
function t ||ii(t)||Q ^ is on the interval /. 
By definition of / we have 

d 

p=i 

We will estimate the third term of the sum above by using the symmetric hypothesis of the 
matrix Ap. In fact from (j2.ip and (j2.2p we have 



{ApTpU,u)L2md)= / ap^ij{t,x)[{Tp)xUj{t,x)]ui{t,x)u:k{x)dx 

= - yZ / ap^ij{t,x)[{Tp)^Ui{t,x)]uj{t,x)uJk{x)dx 
y / [{Tp)^ap^ij{t,x)]uj{t,x)ui{t,x)uJk{x)dx. 



l<i,j<m 

The matrix Ap being symmetric, we have 



Thus 



{ApTpU,u)L2,j^d) = / Tpap^ij{t,x)ui{t,x)uj{t,x)LJk{x)dx. 

Z ^— ^ /rod 
l<ij<m-^^ 

Since the coefficients of the matrix Ap, as well as their derivatives are bounded on M"^ and 
continuous on / x M*^, there exists a positive constant Aq such that 

<2||/(t)||o,fc||n(t)||o,fc + 2Ao|h(t)||^,fc. 

To complete the proof of Lemma 13.11 in the case s = it suffices to apply Lemma 13.21 We 
assume now that Lemma l3.1l is proved for s. 

Let u be the function of [C^{I, H'^+\R'^))]"' n [C{I,H'^'^^{M.'^))]"', we now introduce the 
function (with m{d + 1) components) U defined by 

U = iu,Tiu, . . .,Tdu). 
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Since 



dtu = f + y^pTpU + Aqu, 
p=i 

for any j £ {1, . . . ,d}, applying the operator Tj on the last equation we obtain 

d d 

dt{Tju) = ApTp{T,u) + Y,iTjAp)TpU + T,{Aou) + Tjf. 
p=i p=i 

We can then write 

d 

dtU = YBpTpU + BoU + F, 



p=i 



with 



F = {f,Tif,...,Tdf), 



and 



B„ 



A 




Ap 



\0 



\ 



• 

Ap ) 



p=l,...,d, 



and the coefficients of Bq can be calculated from the coefficients of Ap and from TjAp with 
(p = 0, . . . , d) and (j = 1, . . . , d). Using the induction hypothesis we then deduce the result, and 
the proof of Lemma |3. II is finished. ■ 

B. Estimate about the approximated solution. We notice that the necessary hypothesis 
to the proof of the inequalities of Lemma 13.11 require exactly one more derivative than the 
regularity which appears in the statement of the theorem that we have to prove. We then have 
to regularize the system (jl.ip by adapting the Friedrichs method. More precisely we consider 
the system 



dtUn ^ ^ JniApTpi^JnUn)) Jn{AQJnUn) — Jnfj 
p=l 

, Un\t=0 = JnUQ, 

with J„ is the cut off operator given by 

JnW = {JnWi,. . . ,JnWm) and JnWj := T^^{lB(0,n){O^D{'Wj)), j = 1, . . . 



(3.3) 



m. 



Now we state the following proposition (see O p. 389]) which we need in the sequel of this 
subsection. 

Proposition 3.1. Let E be a Banach space, I an open interval 0/ M, / G C{I,E), uq £ E 
and M he a continuous map from I into C{E), the set of linear continuous applications from E 
into itself. There exists a unique solution u £ C^{I,E) satisfying 



du 

u\t=o = Uq 



M{t)u + /, 
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By taking E = [L^(]R'^)]™, and using the continuity of the operators TpJn on [L^(M'^)]™, we 
m (|3.3|) to an ev 

Mn{t)Un + Jnf, 



reduce the system (|3.3|) to an evolution equation 



dt 

Un\t=0 = JnUO 



on [Li 



where 



t ^ Mn{t) = JnAp{t, ■)TpJn + J„^o(t, ■)Jn, 
p=l 

is a continuous application from I into £([L|(M'^)]™). Then from Proposition 13.11 there exists 
a unique function Un continuous on / with values in [L| 



are C°° functions of t, Jnf S [C(/, L| 

duj 
~dt 



and Un satisfy 



Mn{t)Un + Jnf- 



Then ^ G [C(/, L|(]R"'))]™ which implies that m„ G [C^ {I , Ll{W^))f' . Moreover, as = J„, 
it is obvious that JnUn is also a solution of (j3.3p . We apply Proposition 13.11 we deduce that 
JnUn = Un- The function Un is then belongs to [C^{I^Hf.{W^))]^ for any integer s and so (13.30 
can be written as 

d 

dtUn - ^ Jn{ApTpUn) - J„(Aon„) = J„/, 

p=l 

Now, let us estimate the evolution of \\ur 



nl'-J \\s,k- 



Lemma 3.3. For any positive integer s, there exists a positive constant Xs such that for any 
integer n and any t in the interval I, we have 



\Ur 



,k<e''^VnUm\s,k+ I e^^^'~''^Unf{t')\\s,kdt'. 



Proof. The proof uses the same ideas as in Lemma |3. 11 ■ 

C. Construction of solution. This step consists on the proof of the following existence 
and uniqueness result: 

Proposition 3.2. For s > 0, we consider the symmetric system (jl.ip with f in [C{I ,H^'^\M.^))]"^ 
andv in [Hl+^{R'^)]"'. There exists a unique solution u belonging to the space [C'^{I, H^.lM.'^))]'^ n 
[C(/,iJ^+^(M'^))]™ and satisfying the energy estimate 

Mt)\l,k < e^''\\v\l,k + re^=(*"")||/(T)|U,fc(ir, for ah a<s + 3 and t G /. (3.4) 

Jo 

Proof. Us consider the sequence {un)n defined by the Friedrichs method and let us prove that 
this sequence is a Cauchy one in H^'^^ (W^))]^ . We put Vn^p = Un+p — Un, we have 



dt^n,p ~ ^ ^ Jn+p{AjTjVn^p) — Jn-|-p(j4oV^,p) — /) 
{Jn+p Jn)v 



n,pi 



y. yn,p\t=o 
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with 

d 

fn,p — ^ ^ ('^ra+p Jn)i-'^jTjVn,p) {Jn+p J-n) (^-'^O^n ,p) ~l~ {J-n+p Jri)f' 
3=1 

From Lemma [3.3l the sequence {un)n&n is bounded in [L'^ {I , Hl+^ . Moreover, by a sim- 

ple calculation we find 

C C 

\\{Jn+p — Jn){AjTjVn,p)\\s+l,k < —\\AjTjVn,p\\s+2,k < —\\Un{t)\\s+3,k- 

Similarly, we have 

C 

\\{Jn+p - Jn){AoVn,p) + {Jn+p - Jn)f\\s+l,k < - ( (t) ||,+3,fc + \\f {t)\\s+3,k) ■ 

By Lemma 13.31 we deduce that 

\\Vn,pms+i,k < ^e^=*. 

Then {un)n is a Cauchy sequence in [L°°{I, i?^'*"^(M'^))]™. We then have the existence of a solu- 
tion u of (jl.ip in [C{I, Hp~^ {R'^))]'^ . Moreover by the equation stated in (jl.ip we deduce that dtu 
is in [C{I, and so u is in [C^(/, H^(K'^))]"^. The uniqueness follows immediately from 

Lemma 13.31 

Finally we will prove the inequality (13. 4p . From Lemma 13.31 we have 



\Ur 



s+3,k < e^^'\\JnumU3,k + / e^^(*-^)||J„/(r)||,+3,fcfir. 

Jo 

Thus 

lhnsnp\\un{t)\\s+3,k < e^''\\v\\s+3,k + [ e^=(*-")||/(T)||,+3,fc(ir. 



Since for any t £ I, the sequence (n„(t))neN tends to u{t) in [H^'^^{M.'^)]"^ , (n„(t))„gN converge 
weakly to u{t) in [i?^+^(]R'=')]'", and then 

n(t) G [/7^+3(M'^)]" and \\uit)\\s+3,k < hm sup ||tx„(t)|U+3,fc. 

n— >oo 

The Proposition 13.21 is thus proved. ■ 

Now we will prove the existence part of Theorem 13.11 

Proposition 3.3. Let s be an integer. If v is in [Hf.iW^)]"' and f is in [C{I, H^{R'^))]"^ , then 
there exists a solution of a symmetric system (11. ip in the space 

[C{I,H'k{R'^))r n [C^{I,Hl~\R'^))r. 

Proof. We consider the sequence {un)neN of solutions of 

d 

i=i 

. Un\t=0 = JnV. 
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From Proposition 13.21 (?!„,)„ is in [C^(/, i?|(M'^))]"^. We will prove that {un)n is a Cauchy 
sequence in [L°° {I , H^{]R.'^))]"^ . We put Vn,p = Un+p — Un.. By difference, we find 

d 

dtVn,p — ^ ^ ^j'^j^n.p ~ -^oVrijp = {Jn+p ~ Jn)fi 

_ i=i 

Vn^p\t=0 = {Jn+p — Jn)V- 

By Lemma 13.31 we deduce that 



IK 



n,p\\s,, 



k < e^^*||(J„+p - Jn)v\U^k + / e^=(*-")||(Jn+p - Jn)f{r)\\s,kdT. 



Since / is in [C{I, Hf^ 



the sequence {Jnf)n converges to / in [L°°([0, T], ff| 



, and 

since v is in the sequence {Jnv)n converge to v in [Hf,{W^)Y^ and so {un)n is a Cauchy 

sequence m [L°°(/,iJ|(R'^))]™. Hence it converges to a function u of [C(/, iJ|(M'^))]™, solution 
of the system (jl.ip . Thus (9tti is in [C(/, ff^~^(M'^))]'" and the proposition is proved. ■ 

The existence in Theorem 13.11 is then proved as well as the uniqueness, when s > 1. 
D. Uniqueness of solutions. In the following we give the result of uniqueness for s = 
and hence Theorem 13. II is proved. 

Proposition 3.4. Let u he a solution in [C {I , Li^iW^))]"^ of the symmetric system 



dtu — AjTjU — Aqu = 0, 
, 1*14=0 = 0. 



Then u = 0. 

Proof. Let be a function in [I?(]0,T[x 



we consider the following system 



, f\t=T = 0. 



Since 

Tj{Ajip) = AjTj^ + {TjAj)^, 
the system ()3.5p can be written 

d 

-dt(p + ^ AjTjif - Aoip = ip, 

<f\t=T = 
with 



(3.5) 



(3.6) 
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Due to Proposition [Sill ^ov any integer s there exists a solution if of (|3.6p in [C^([0, T],H^(K))]'' 
We then have 



{u, = {u, -dt^p + ^ AjTjip - AQLp)k 
i=i 



= - j {u{t,-),dtip{t,-))kdt + S^ / u{t,x)Tj{Ajip){t,x)LL>k{x)dtdx 

— / u{t,x)^Aoip{t,x)uJk{x)dtdx 
with (•,•)/£ defined by 

{u,x)k= [{uitr),x{t,-))kdt= [ u{t,x)x{t,x)uJk{x)dxdt, x^S{W^+^). 

By using that u(t, •) is in [LKM"^)]™ for any t in / and the fact that Aj is symmetric we obtain 
u{t,x)Tj{Ajip){t,x)uJk{x)dtdx = — / {AjTju{t, ■), ip{t, ■))kdt. 



d 

/ {u{t, ■),dtip{t, ■))kdt - y^iAjTjU + Aqu, ip)k- 

,=1 



So 

r- 

As u is not very regular, we have to justify the integration by parts in time on the quantity 
y {u{t,-),dt(p{t,-))kdt. Since Jnu{-,x) are functions on /, then by integration by parts, we 

obtain, for any x G W^, 

— J Jnu{t,x)dtip{t,x)dt = —Jnu{T,x)ip{T,x) + Jnu{0,x)ip{0,x) + J dtJnuit,x)ip{t,x)dt. 
Since n(0, •) = ^{T, •) = 0, we have 

Jnu{t,x)dt(p{t,x)dt = J dt{Jnu){t,x)(p{t,x)dt. 
Integrating with respect to uJk{x)dx we obtain 

-/ Jnu{t,x)dt(p{t,x)ujk(.x)dtdx = {dt{Jnu){t,-),ip{t,-))kdt. (3.7) 

JlxRd Jj 

Since u is in [C7(/, l2(]R'^))]™ n [C\l , H^^R'^))]"' , we have 

lim J„n = u in [L~(/,L?(M'^))]™ and lim Jndtu = dtu in 

n— >oo n— »oo 

By passing to the limit in (j3.7p we obtain 

-y {u{t,-),dtip{t,-))kdt = j {dtu{t,-),ip{t,-))kdt. 
Hence 

However since u is a solution of (jl.ip with / = 0, then u = 0. This ends the proof. 



{dtu{t, •) - V(Ajrjtx(t, •) - Aou{t, ■),ip{t, ■))kdt. 
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3.2 The Dunkl-wave equations with variable coefficients 

For t G M and x £ M*^, let x, dt,Tx) be a differential-difference operator of degree 2 defined 
by 

P{u) = dju - divfc[A • Vk,xu] + Q{t,x,dtu,Txu), 



where 



Vfc,x^i := {Tiu, ...,Tdu), divfe {vi,.. .,Vd) := ^^ii 



j4 is a real symmetric matrix such that there exists m > satisfying 

{A{t,x)^,C) >m\\S,f, for ah {t,x)£RxR'^ and ^ G M"^ 

and Q{t,x,dtu,Txu) is differential-difference operator of degree 1, and the matrix A is W- 
invariant with respect to x; the coefficients of A and Q are C°° and all derivatives are bounded. 
If we put B = \/~A it is easy to see that the coefficients of B are C°° and all derivatives are 
bounded. 

We introduce the vector U with d + 2 components 
\J = {u, dtu, BVk,xu) . 
Then, the equation P{u) = f can be written as 

dtU={J2 ^pTp ]u + AoU + (0, /, 0) (3.8) 



with 



/ 



An 



5pl 



\ 

bpd 




TS + l 



ui G Hi 



exists a unique u G {R, Hf.{W^)) n C(M, iJ^+^M'^)) such that 



and f G 



, there 



\0 bdp • • • / 

and B = (bij). Thus the system (j3.8p is symmetric and from Theorem 13.11 we deduce the 
following. 

Theorem 3.2. For a// s G N and uq G 

d'^u - divk[A ■ Vk,xu] + Q{t, X, dfU, T^u) = f, 
u\t=o = Uo, 
dtu\t=o = ui. 

3.3 Finite speed of propagation 

Theorem 3.3. Let (jl.ip be a symmetric system. There exists a positive constant Cq such that, 

and any v G [LKR*^)]™ satisfying 



for any positive real R, any function f G [C(/, L| 

/(t,x) = for \\x\\<R-CQt, 
v{x) = for ||x|| < R, 

the unique solution u of system (II. ip belongs to [C(/, L^(R'^))]'" with 

u{t,x)=0 for ||x|| < i? — Cot. 



(3.9) 

(3.10) 
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Proof. If f, G [C{I,Hl(M.'^))]"'', Ve G \HI{R'^))]"' are given such that fe^fm [C {I , LKM.'^))]"' 
and Vg^vin [LKR'^]™, we know by Subsection l3 . 1 I that the solution belongs to [C{I,H^{ 



and satisfies ^ u in [C(/, L^(M''))]™. Therefore, if we construct and Ve satisfying (j3.9p 

and (|3J0D with R replaced by R-e, it suffices to prove Theorem for / G [C(/, iJ^(M'^))]™ 

and V G [HliR'^))]"'. We have then u G [Ci(/, L2(R'^))]™ n[C(I, To this end let us 
consider x ^ D(M.'^) radial with suppx C i?(0, 1) and 



x{x)uJk{x)dx = 1. 
For e > 0, we put 

UO,e =Xe*DV := {Xs *D Vi, . . . , Xe *D Vd), 

feit, •) = Xe *D fit, •) := iXe *D flit, ■),---,Xe *D fdit, ■)), 



with 



The hypothesis (|3.9p and ()3.10|) are then satisfied by fe and tio,e if we replace R hy R — e. On 
the other hand the solution associated with and tto,£ is [C^(/, for any integer s. 

For T > 1, we put 

Urit, x) = exp (t(— i + x), 

where the function ip G C°°(M'^) will be chosen later. 
By a simple calculation we see that 

d 

dtUr — AjTjUr — BrUr = fr 

J = l 

with 

/ 

frit,x)=eMri-t + ^ix)))fit,x), Br = AQ + T\-ld-YSTjij)Aj 

There exists a positive constant K such that if ||7j'0llL°°(Rd) < K for any j = 1, . . . , d, we have 
for any (t, x) 

{ReiBry),y) < {ReiAoy),y) for aU t>1 and y G C". 



We proceed as in the proof of energy estimate ()3.ip . we obtain the existence of positive con- 
stant 6q, independent of r, such that for any t in /, we have 

\\nrit)\Wk < e'°'\\uriO)\\o,k + t e''^^'-'">\\frit')\\o,kdt'. (3.11) 



We put Co = ^ and choose -0 = V'dl^^ll) such that ^/^ is C°° and such that 

-2e + KiR - \\x\\) < V'(x) < -e + KiR - \\x\\). 
There exists e > such that ^(x) < —e + KiR — \\x\\). Hence 

||x|| > i? - Co*, for ah =^ -t + ipix) < -e. 
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Let r tend to +00 in (j3.1ip . we deduce that 

lim / exTp{2T{-t + 'ip{x)))\\u{t,x)\\'^uJk{x)dx = 0, for all tel. 

Then 

u{t,x)=0 on {{t,x) £ I xR'^; t <^p{x)}. 

However if {tQ,xo) satisfies ||xo|| < R — Coto, we can find a function ip of previous type such 
that to < i^ixo)- Thus the theorem is proved. ■ 

Theorem 3.4. Let (jl.ip be a symmetric system. We assume that the functions /g[C(/,L|(M'^)]™ 
and V G [L2(IR'^)]™ satisfy 

f(t,x) = for ||x|| > /? + Cot, 
v{x) = for \\x\\ > R. 

Then the unique solution u of system (|1.1|) belongs to [C(/, -L|(R'^))]''" with 

u{t,x)=0 for 11x11 > + Cot. 

Proof. The proof uses the same ideas as in Theorem 13. 3i ■ 

4 Semi-linear Dunkl-wave equations 

We consider the problem (jl.2p . We denote by ||Afcu(t, the norm defined by 

d 

\\^ku{t, OIIl- = \\dMt, Olli-cR'i) + •)IIl-(R'^)- 

i=i 

||Afcu(t, •)\\s,k the norm defined by 

d 

\\^ku{t, = \\dtu{t, OIll/KRd) + \\Tju{t, OII^KKd)- 
The main result of this section is the following: 

Theorem 4.1. Let {uo,ui) be in i^KM'^) x F^"^(R'^) /or s > 7 + f + 1. Then there exists 
a positive time T such that the problem ()1.2p has a unique solution u belonging to 

C{[Q,T],Hl{R'^))r^C^{[Q,T],Hl~'^{R'^)) 

and satisfying the following blow up criteria: if T* denotes the maximal time of existence of 
such a solution, we have: 

- The existence of constant C depending only on ^, d and quadratic form Q such that 

> C{7,d,Q) 

- ||Afcn(0,-)||.-i,fc' ^ ■ ' 

- IfT* < 00, then 

/ ||Afcn(t,-)||L-dt = +oo. (4.2) 
Jo 
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To prove Theorem 14.11 we need the following lemmas. 

Lemma 4.1. (Energy Estimate in H^{'E.'^).) If u belongs to C^{I,HI.(R'^)) D C(/, i7^+^(M'^)) 
for an integer s and with f defined by 

f = dfU - AkU 

then we have 

\\Aku{tr)\\s-i,k<\\Aku{Or)\\s-i,k + •)ll//-i(R<^)f^*', for tel. (4.3) 
Proof. We multiply the equation by dfU and we obtain 

{dfu,dtu)fjs^i(^^a) - {AkU,dtu)fjs-i^^a) = {f,dtu)jjs-i(^^ay 
A simple calculation yields that 

Thus 

If / = 0, we deduce the conservation of energy 

l|Afcn(ir)llLi,fc = \\^ku{0,-)fs-i,k- 
Otherwise, Lemma 13.21 gives 

||Afcn(t, Olls-i.fc < ||Afcn(0, Oll.-i.fc + ^ \\f{t', -^j^s-i^^.^dt' . ■ 

Lemma 4.2. Let (n„)„gN be the sequence defined by 

d^Un+l - AfcUn+i = Q{AkUn,AkUn), 
{Un+l,dtUn+l)\t=0 = {Sn+lUo,Sn+lUl), 

where uq = and Sn+iUj defined by 

FD{Sn+iu,m = V'(2-("+i)6-^D(n,-)(0, 

with tp a function of DiM.'^) such that < ^ < 1 and supp^ C B{0, 1). 

Then there exists a positive time T such that, the sequence (AfcU„)„gN is bounded in the space 
[L-([0,r],i/,^-i(R'^))]'^+i. 

Proof. First, from Theorem 13 . 21 the sequence {un)n is well defined. Moreover, due to the energy 
estimate, 

\\AkUn+l{t,-)\\s-l^k < ||'S'n+l^||s-l,fc + j \\Q{AkUn{t\-),AkUn{t',-))\\jjs-\^^d-^dt\ 

where 

9 = (ui, VfcUo) = Aku{0, •). 
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Since s — 1 > 7 + |, then from Theorem 12 .2^ 1. we have 

||Afcn„+i(i, ■)\\s^i,k < \\0\\s^i,k + C [ ||AfcM„(T, Olls-i kdr. (4.4) 

Jo 

Let T be a positive real such that 

ACT\\9\\s-i,k < 1. (4.5) 
We will prove by induction that, for any integer n 

\\AkUn+iit,-)\\s-i,k < 2||^||._i,fc. (4.6) 

This property is true for n = 0. We assume that it is true for n. With the inequalities (j4.4p 
and ()4.5p . we deduce that, for all t <T, we have 

\\AkUn+i{t, ■)\\s-i,k < \\0\\s-i,k + 4Cr||e||2_,_,, < (1 + 4CT\\0\U-i,k)\\9\\s-i,k, 



This gives (j4.6p and the proof of lemma is established. ■ 

Lemma 4.3. There exists a positive time T such that, (Afcn„)„£N is a Cauchy sequence in the 
space [L°°{[Q,T],Hl~^{W^))Y+^. 

Proof. We put 

By difference, we see that 

{dt^n+l,p — AfcT4+l,p = Q(AfcV^n,p, AkUn+p + A^Un), 
A-fcV^+l,p|t=0 = {Sn+p+1 — Sn+l)9- 



By energy estimate, we establish from ()4.6p that 

||AfcKi+l,p(i) Olls-l.fc < ll(5'n+p+l ~ Sn+l)9\\s-l,k 

+ 4Cr||6'||s-l,fc||AA:K,p||[ioo([o^7-]^/^^-i(K<i))]d+i. 

We put 

Pn — SU.p II A/jV^^pll r^oo/TQ^rpi ^s-i/jg,d%Njd_l_i and En = SUplKS'n+p — 5'n)^||s— l,fc- 

From this and the last inequality, we have 

Pn+l < + 4CT/9.„||6'||s_i^fc- 

The sequence {Sn9)nGN converges to 6 in [if|~^(]R'')]'^+^. By passing to the superior limit, we 
obtain 

limsup(/9n+i) < + 4CT||6'||s_i,fclimsup(/9„). 
However, since 

limsup(/9n+i) = limsup(pn), 
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we deduce 

limsup(p„) < 4Cr||6'||s_i,fclimsup(p„), 

n^oo n— »oo 

and the result holds by 4:CT\\e\\s-i^k < 1- 
Hence 

limsup(/9„) = 0. 

n— >oo 

Then (Afcti„) is a Cauchy sequence in [L°°([0,r],if^-^(M'^))]'^+\ and so LemmalUis proved. ■ 

Proof of Theorem 14.11 In the following we will prove that the unique solution of (jl.2p belongs 
to C([0, T],Hl'\R'^)). Indeed, LemmalUimplies the existence ofv in [L°°([0, T], H'^-^ {R'^))Y+'^ 
such that 

AkUn^v in [L^{[0,T],Hl'\R''))]''+\ 

Moreover, Lemma 14.21 gives the existence of a positive time T such that the sequence {un)n 
is bounded in L°°([0, T], Thus there exists u such that the sequence {un)n converges 

weakly to u in L~([0, T], 

The uniqueness for the solution of (jl.2p gives that -u = A^n and that 

n„^u in L~([0,T],i/|(M'^)). 

Finally it is easy to see that u is the unique solution of (jl.2p which belongs to C([0, T], H^{W^)). 

Now we are going to prove the inequalities (j4.ip . We have proved that if T < 4c||e||^ ^ ^, ■, then 
u G C([0, T], i?^(]R'^)). Hence, if T* denote the maximal time of existence of such a solution we 
have T* > T and this gives that T* > ^cm^.i^ ^ ^ (^([0, iJ^(M"')). Finally we wih 

prove the condition (j4.2p . We assume that T* < od and / ||Afcn(t)||s_i^fc(it < cxo. Indeed, it is 

Jo 

easy to see that the maximal time of solution of problem ()1.2p with initial given u{t) is T* — t. 
Thus, from the relation (j4.ip we deduce that 

C 

T* -t> . 

\\Aku{t, ■)\\s-i,k 

This implies that 

\\^ku{t,-)\\s-i,k > for all t e [0,T*[. (4.7) 

Hence \\Aku(t, ■)\\s-i^k is not bounded if t tends to T* . 

On the other hand from (j4.3p and Theorem I2.2l i there exists a positive constant C such that 

||Afcn(t)||,_i,fc < ||Afcn(0)||,_i,fe 

+ C [' \\Aku{t',-)\\L^\\Aku{t',-)\U-i,kdt', for all tG[0,r*[. 
Jo 

Then from the usual Gronwall lemma we obtain 
||Afcn(t,-)||s-i,fe < C\\Aku{0,-)\\s-i,k 

X exp (^J^ \\Aku{t',-)\\L^dt''^ , for ah t G [0,T*[. (4.8) 

Finally if we tend t to T* in (14. Sp we obtain that ||Afcti(t)||s_i^fc is bounded which is not true 
from ()4.7p . Thus we have proved (|4.2p and the proof of Theorem 14.11 is finished. ■ 
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